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The two-point Wightman function of the free photon field defined in a gauge-invariant manner is
known to be equivalent to the field-strength two-point function in any spacetime that is topologically
trivial. We show that the gauge-invariant graviton two-point function defined in a similar manner
is equivalent to the Weyl-tensor two-point function in Minkowski space and in the Poincare´ patch
of de Sitter space. This implies that in the Poincare´ patch of de Sitter space the gauge-invariant
graviton two-point function decays like (distance)−4 as a function of coordinate distance for spacelike
separation.
I. INTRODUCTION
The inflationary cosmology [1–6], which assumes an
era of exponential expansion in very early universe, has
been the leading candidate in addressing various concep-
tual issues in the standard big-bang cosmology such as
the flatness and causality problems. The exponentially
expanding universe in inflationary cosmology is approx-
imately the expanding half of de Sitter space. For this
reason quantum field theory in de Sitter space has been
studied recently by many authors. In particular, the in-
frared (IR) properties of the graviton two-point function
in this spacetime has been a subject of lively debate over
the past three decades [7–14].
The two-point function in the transverse-traceless-
synchronous gauge in the Poincare´ patch, i.e. the
spatially-flat expanding half of de Sitter space, is IR di-
vergent in the sense that it is not well-defined unless the
IR cutoff is inserted [7]. This fact and other observations
have led some authors to claim that there is no de Sitter-
invariant vacuum state for linearized gravity [12, 14] in
spite of the fact that IR-finite two-point functions have
been constructed in other gauges [15–18].
The graviton two-point function also diverges or tends
to a constant as the separation of the two points tends to
infinity both in the spacelike and timelike directions [9].
No gauge conditions are known that make the graviton
two-point function tend to zero as the separation of the
two points becomes infinite. If linearized gravity were
not a gauge theory, this behavior of the two-point func-
tion would imply that the graviton field had strong long-
distance correlation. However, since linearized gravity
is a gauge theory, one needs to characterize the long-
distance correlation in a gauge-invariant manner. For
example, some cosmologists argue that the logarithmic
growth of the two-point function for graviton as well as
for minimally-coupled massless scalar field cannot be ob-
served [19–24]. However, there is no consensus in the sci-
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entific community about the physical significance of the
long-distance behavior of the graviton two-point function
(see, e.g., Refs. [25, 26]).
Recently a gauge-invariant graviton two-point function
has been formulated [27] following a similar construction
for electromagnetic field [28, 29]. The main purpose of
this paper is to show that this graviton two-point func-
tion reduces to that of the Weyl tensor in the Poincare´
patch of de Sitter space, which decays at large distances.
The rest of this paper is organized as follows. In
Sec. II we motivate and introduce the gauge-invariant
graviton two-point function. In Secs. III and IV we show
the equivalence of the Weyl-tensor and gauge-invariant
graviton two-point functions in Minkowski and de Sitter
spaces. Then, we discuss our result in Sec. V. In the
Appendix we present a technical result used in Sec. III.
II. GAUGE-INVARIANT GRAVITON
TWO-POINT FUNCTION
Let us quickly introduce the gauge-invariant graviton
two-point function proposed in Ref. [27] in a heuristic
manner. To this end we first briefly discuss quantization
of the free graviton field. We linearize the gravitational
field about a globally-hyperbolic spacetime satisfying the
vacuum Einstein equations with or without a cosmolog-
ical constant. We write the Lagrangian density for the
linearized gravitational field, or the graviton field, hab as
L =
√−g
2
[
Kabca
′b′c′∇ahbc∇a′hb′c′ + Saba
′b′habha′b′
]
,
(1)
where Kabca
′b′c′ = Ka
′b′c′abc = Kacba
′b′c′ and Saba
′b′ =
Sa
′b′ab = Sbaa
′b′ . We define the conjugate momentum
current as
pabc := Kabca
′b′c′∇a′hb′c′ , (2)
then the Euler-Lagrange field equation for hbc is
−∇apabc + Sbcb
′c′hb′c′ = 0. (3)
2For any two solutions, h
(n)
bc and h
(m)
bc , and their conju-
gate momentum currents, p(n)abc and p(m)abc, we define
the symplectic product as
(h(n), h(m))symp :=
∫
Σ
dΣna(h
(n)
bc p
(m)abc − p(n)abch(m)bc ),
(4)
where Σ is any Cauchy surface and where na is the past-
directed normal to Σ. One can readily see that this prod-
uct is conserved, i.e. independent of the Cauchy surface
Σ [30, 31]. The symplectic product is degenerate because
any tensor of the form h
(g)
ab = ∇aΛb + ∇bΛa is a solu-
tion to Eq. (3) and (h(g), h(m))symp = 0 for all solutions
h
(m)
ab . This means that the symplectic product is gauge
invariant, i.e. if h
(n)
ab and h
(m)
ab are two solutions and if
h
(n′)
ab = h
(n)
ab +∇aΛ(n)b +∇bΛ(n)a for some Λ(n)a and simi-
larly for h
(m′)
ab , then (h
(n), h(m))symp = (h
(n′), h(m
′))symp.
In the spacetimes we are interested in, it is possible to
impose gauge conditions such that the symplectic prod-
uct is nondegenerate on the space of solutions satisfy-
ing them [27]. We expand the quantum field hˆab(x) in
terms of a complete set of solutions h
(n)
ab (x) satisfying
these gauge conditions: hˆab(x) =
∑
n aˆnh
(n)
ab (x). The
field hˆab(x) is quantized through the commutation rela-
tions [aˆn, aˆm] = (Ω
−1)nm, where Ω
−1 is the inverse of
the matrix Ωnm := (h(n), h(m))symp.
The field operator hˆab(x) changes under gauge trans-
formations, but the operators aˆn are invariant since they
can be expressed using the gauge-invariant symplectic
product as aˆn = (Ω
−1)nm(h
(m), hˆ)symp. Thus, all gauge-
invariant content of the field hˆab(x) can be extracted if
(h(n), hˆ)symp are known for all solutions h
(n)
ab (x). In fact
it is sufficient for this symplectic product to be known for
all solutions with compact support on a Cauchy surface
Σ.
If the solution h
(n)
ab (x) is compactly supported on Σ,
then one can find a transverse (or divergence-free) tensor
f (n)ab(x) compactly supported in spacetime such that
(h(n), hˆ)symp = (f
(n), hˆ)st, where
(f (n), hˆ)st :=
∫
dDx
√
−g(x) f (n)ab(x)hˆab(x). (5)
(Here, D is the spacetime dimension.) This can be shown
as follows by generalizing the scalar case [32, 33]. We
define h
(n,χ)
ab (x) := χ(x)h
(n)
ab (x), where χ(x) = 1 in the
future of Σ and χ(x) = 0 in the past of another Cauchy
surface Σ′. The function χ changes its value smoothly
from 1 to 0 between Σ and Σ′. Let p(n,χ)abc be the con-
jugate momentum current of h
(n,χ)
ab as given by Eq. (2)
and define
f (n)bc := −∇ap(n,χ)abc + Sbcb
′c′h
(n,χ)
b′c′ . (6)
Since the right-hand side is the linearized Einstein ten-
sor, the tensor f (n)bc is transverse by the Bianchi identity.
Moreover f (n)bc is compactly supported between Σ and
Σ′ because h
(n,χ)
b′c′ satisfies the linearized Einstein equa-
tions in the future of Σ and vanishes in the past of Σ′.
Now,
(f (n), hˆ)st =
∫ √−g(−hˆbc∇ap(n,χ)abc + Sbcb′c′ hˆbch(n,χ)b′c′ )
=
∫ √−g∇a(h(n,χ)bc pˆabc − p(n,χ)abchˆbc). (7)
Then by the generalized Stokes theorem we find
(f (n), hˆ)st = (h
(n), hˆ)symp.
This observation implies that one does not lose any
gauge-invariant information contained in the Wightman
two-point function on a state |ω〉,
∆aba′b′(x, x
′) = 〈ω|hˆab(x)hˆa′b′(x′)|ω〉, (8)
by considering only its smeared version, which is gauge
invariant:
Gg(f
(1), f (2)) =
∫
dDx
√
−g(x)
∫
dDx′
√
−g(x′)
×f (1)ab(x)f (2)a′b′(x′)∆aba′b′(x, x′),
(9)
where the tensors f (1)ab and f (2)ab are compactly sup-
ported and transverse.
Now, for the gauge-invariant two-point function for
non-interacting electromagnetic field Aa analogous to
Eq. (9), the two-point function 〈ω|Aa(x)Aa′ (x′)|ω〉 is
smeared by smooth and compactly-supported transverse
vectors f (1)a(x) and f (2)a
′
(x′). If the spacetime is topo-
logically trivial, or contractible, then one can find smooth
and compactly-supported antisymmetric tensors u(1)ab
and u(2)ab such that f (1)a = 2∇bu(1)ab and f (2)a =
2∇bu(2)ab. (It can be shown that the difference between
the supports of u(i)ab and f (i)a can be made arbitrarily
small.) Then, by integration by parts, the smeared two-
point function is shown to be equal to the two-point func-
tion of the field-strength tensor, 〈ω|Fab(x)Fa′b′(x′)|ω〉,
Fab := ∇aAb − ∇bAa, smeared with u(1)ab(x) and
u(2)a
′b′(x′) [28]. In the next two sections we show that
in Minkowski space and in the Poincare´ patch of de Sit-
ter space the gauge-invariant graviton two-point func-
tion Gg(f
(1), f (2)) is equal to the two-point function
for the linearized Weyl tensor smeared with compactly-
supported tensors.
III. EQUIVALENCE IN MINKOWSKI SPACE
In Minkowski space the linearized Weyl tensor, which
equals the linearized Riemann tensor, is given in terms
of the graviton field hˆac as
Cˆflatabcd = κ(∂a∂[chˆd]b − ∂b∂[chˆd]a), (10)
where κ < 0 is a constant. Here we use ∂a instead of ∇a
to emphasize that [∂a, ∂b]V
c = 0. Now, suppose that for
3any smooth and compactly-supported symmetric tensor
fac one can find a smooth and compactly-supported ten-
sor vabcd antisymmetic under a↔ b and c↔ d and sym-
metric under [ab]↔ [cd] such that fac = ∂b∂dvabcd. Then
by substituting f (i)ac = ∂b∂dv
(i)abcd, i = 1, 2, into Eq. (9)
and integrating by parts, one finds that Gg(f
(1), f (2)) is
expressed as the two-point function of the linearizedWeyl
tensor smeared with v(1)abcd and v(2)a
′b′c′d′ . We show
that any smooth and compactly-supported symmetric
tensor fac can indeed be expressed as fac = ∂b∂dv
abcd,
where vabcd has the properties mentioned above. (In
this and next sections all tensors are smooth and com-
pactly supported unless otherwise stated.) It is suffi-
cient to find a tensor uabc, antisymmetric under a ↔ b
and satisfying ∂cu
abc = 0 such that fac = ∂bu
abc. This
is because then we can write uabc = ∂dv˜
abcd for some
v˜abcd, antisymmetric under c ↔ d and that the tensor
vabcd = (v˜abcd+ v˜cdab)/2 will be a tensor with the desired
symmetries satisfying fac = ∂b∂dv
abcd.
The metric signature plays no roˆle in finding the tensor
uabc with the properties described above. We work in D-
dimensional Euclidean space. We first solve the following
equation for γac:
∂b∂dY
abcd = fac, (11)
where
Yabcd := −δa[cγd]b + δb[cγd]a + δa[cδd]bγ. (12)
Here, the tensor δab is the metric on the Euclidean space
and γ := δabγab. (The tensor γab is not compactly sup-
ported.) Eq. (11) is basically the linearized Euclidean
Einstein equations with fac as the source tensor. We
define
Uabc := ∂
dYabcd
= ∂[aγb]c − δc[a(∂dγb]d − ∂b]γ). (13)
Then we have ∂bU
abc = fac and ∂cU
abc = 0. Although
the tensor Uabc is not compactly supported, we show be-
low that a compactly supported tensor uabc with the same
symmetries and satisfying the same differential equations
as Uabc can be constructed.
We work in polar coordinates with r2 := δabx
axb.
Since fab is compactly supported, we have fab(x) = 0
if r > R for some R > 0. Then, one can choose a
gauge condition such that γab is transverse, traceless
and with vanishing radial components, γabx
b = 0, for
r > R. This result is demonstrated in the Appendix.
Then Uabc = ∂[aγb]c. We define the following differ-
ential and integral operators on any (non-compactly-
supported) tensor Φ (with the indices omitted) decaying
faster than r−N for large r:
DNΦ := −(xd∂d +N)Φ, (14)
GNΦ := r−N
∫
∞
r
ρN−1Φ dρ, (15)
where in Eq. (15) r is replaced by ρ in the integrand.
Then DNGNΦ = GNDNΦ = Φ. We also find
∂a(GNAa) = GN+1∂aAa (16)
if Aa decays faster than r
−N for large r.
Now we define for r > R
Mdabc := GD−3(xdUabc + xaUbdc + xbUdac). (17)
The operator GD−3 is well defined because the tensor γab
decays like r−D or faster for large r. One can readily show
that ∂dMdabc = −Uabc. Let χ(r) be a smooth function
defined for r > R such that χ(r) = 1 for r > R′ > R and
χ(r) = 0 for R′ > R′′ > r > R. Let
uabc := Uabc + ∂
d(χMdabc). (18)
Then uabc = 0 for r > R
′, i.e. uabc is compactly sup-
ported. Since Mdabc is antisymmetric in the indices d, a
and b, we have ∂bu
abc = fac. Moreover, ∂cu
abc = 0 be-
cause ∂cU
abc = 0 and ∂cMdabc =Mdabcx
c = 0. Thus, we
have constructed a tensor uabc that satisfies all the prop-
erties necessary to show that the gauge-invariant graviton
two-point function is equivalent to the linearized Weyl-
tensor two-point function as stated at the start of this
section.
IV. EQUIVALENCE IN DE SITTER SPACE
The metric of the Poincare´ patch of de Sitter space is
ds2 = Ω2(−dη2 + dx2), η ∈ (−∞, 0), (19)
where Ω = (H |η|)−1. In this spacetime it can readily be
shown that, if
fac = ∇b∇dV abcd +H2gbdV abcd, (20)
where
V abcd = V [ab][cd] = V [cd][ab], (21)
then fac is transverse. In this section we show that if fac
is smooth, compactly-supported in the Poincare´ patch
and transverse, then there is a smooth and compactly-
supported tensor V abcd with the symmetry (21) such that
Eq. (20) is satisfied. This will imply that, if the linearized
gravity operator hˆab satisfies the linearized Einstein equa-
tions, E
(1)
ac (hˆ) = 0, where
E(1)ac (hˆ) = H
2hˆac +
D−3
2 H
2gachˆ
+ 12
(
∇a∇bhˆbc +∇c∇bhˆab −∇a∇chˆ
−hˆac − gac∇b∇dhˆbd + gachˆ
)
, (22)
then∫
dDx
√−g fachˆac =
∫
dDx
√−g V abcd(∇b∇dhˆac + gbdhˆac)
= κ−1
∫
dDx
√−g V abcdCabcd(hˆ), (23)
4where Cabcd(hˆ) is the linearized Weyl tensor in the de Sit-
ter background.
First we show that any symmetric tensor fac in de Sit-
ter space can be written as
fac = f
(tl)
ac + E
(1)
ac (γ
(t)), (24)
where the tensor γ
(t)
ac and the transverse-traceless tensor
f
(tl)
ac are symmetric. To see this we let
γ
(t)
ab :=
2
(D−1)(D−2)H2 [(D − 1)fab − gabf ] , (25)
where f := gacf
ac. Then
E(1)ac (γ
(t)) = 1(D−2)H2
[
fac − 1D−1 (gacf −∇a∇cf)
]
− 1D−2 (2fac − gacf) . (26)
It can readily be verified that f
(tl)
ac = fac − E(1)ac (γ(t)) is
traceless. Note also∫
dDx
√−g fachˆac =
∫
dDx
√−g f (tl)achˆac (27)
because∫
dDx
√−g E(1)ac(γ(t))hˆac =
∫
dDx
√−g γ(t)acE(1)ac (hˆ)
= 0. (28)
Next we observe that for any symmetric tensor γac we
have
E(1)ac (γ) = ∇b∇dΓabcd +H2gbdΓabcd, (29)
where
Γabcd := −ga[cγd]b+ gb[cγd]a+ (ga[cgd]b− gb[cgd]a)γ (30)
with γ := gacγac. Using Eq. (29) in Eq. (24), we find
fac = f
(tl)
ac +∇b∇dΓ(t)abcd +H2gbdΓ(t)abcd, (31)
where Γ
(t)
abcd is given by Eq. (30) with γac = γ
(t)
ac . Thus,
if
f (tl)ac = ∇b∇dV (tl)abcd (32)
with a traceless tensor V (tl)abcd with the symmetry (21),
then Eq. (20) will be satisfied with
Vabcd = V
(tl)
abcd + Γ
(t)
abcd. (33)
We show below that Eq. (32) holds.
First we note that the equation ∇af (tl)ac = 0 can
be written ∂a(Ω
D+2f (tl)ac) = 0 in any conformally-flat
spacetime for a symmetric traceless tensor f (tl)ac [34].
By our result in Minkowski space in the previous section
this implies that we can write
ΩD+2f (tl)ac = ∂b∂dv
abcd, (34)
where the tensor vabcd has the symmetry vabcd =
v[ab][cd] = v[cd][ab]. Denoting the traceless part of vabcd
by v(tl)abcd and defining vac := ηbdv
abcd and v := ηacv
ac,
where ηac is the standard metric tensor on Minkowski
space, we find
vabcd = v(tl)abcd + 2D−2 (η
a[cvd]b − ηb[cvd]a)
− 1(D−2)(D−1)(ηacηbd − ηadηbc)v. (35)
Substitution of this expression into Eq. (34) yields
ΩD+2f (tl)ac = ∂b∂dv
(tl)abcd + 1D−2s
ac, (36)
where
sac := vac − ∂a∂bvcb − ∂c∂bvab + 1D−1 (∂a∂cv − ηacv).
(37)
Now, since ∂b∂dv
abcd = ΩD+2f (tl)ac is traceless, the
tensor vac = ηbdv
abcd satisfies ∂a∂cv
ac = 0. That is,
∂cv
ac is transverse. This means that ∂cv
ac = ∂cq
ac, i.e.
∂c(v
ac − qac) = 0, where qac is an antisymmetric tensor.
This in turn implies that vac − qac = 2∂bwabc, where
wabc = wa[bc]. By symmetrizing this equation we obtain
vac = ∂bw
abc + ∂bw
cba. (38)
We define
W abcd := ∂cwdab − ∂dwcab + ∂awbcd − ∂bwacd. (39)
Then
ηbdW
abcd = ηbd(∂
cwdab + ∂awdcb) + vac, (40)
ηacηbdW
abcd = 2v. (41)
Let W (tl)abcd be the traceless part of W abcd. Then, after
some algebra we find
∂b∂dW
(tl)abcd = D−3D−2s
ac. (42)
Hence by defining
vˇ(tl)abcd := v(tl)abcd + 1D−3W
(tl)abcd (43)
we have
ΩD+2f (tl)ac = ∂b∂dvˇ
(tl)abcd, (44)
where vˇ
(tl)
abcd = vˇ
(tl)
[ab][cd] = vˇ
(tl)
[cd][ab]. Now, it can readily be
shown that
∂b∂dvˇ
(tl)abcd = ΩD+2∇b∇d(Ω−D−2vˇ(tl)abcd) (45)
using Ω = (H |η|)−1 and the fact that vˇ(tl)abcd is traceless.
Hence Eq. (32) is satisfied with
V (tl)abcd = Ω−D−2vˇ(tl)abcd. (46)
5This establishes Eq. (20). Then Eq. (23) implies that the
gauge-invariant graviton two-point function in de Sitter
space can be expressed as
Gg(f
(1), f (2)) = κ−2
∫
dDx
√
−g(x)
∫
dDx′
√
−g(x′)
×V (1)abcd(x)V (2)a′b′c′d′(x′)
×〈ω|Cˆabcd(hˆ(x))Cˆa′b′c′d′(hˆ(x′))|ω〉
(47)
if each of f
(1)
ac and f
(2)
ac has support in a Poincare´ patch.
This result was used recently in proving a “cosmic no
hair theorem” for linearized quantum gravity [35]. From
our construction of V abcd from fab, it is clear that the
difference between the supports of V abcd and fab can be
made arbitrarily small.
V. DISCUSSION
In this paper we showed that the gauge-invariant
graviton two-point function of Ref. [27] is equivalent to
the two-point function of the linearized Weyl tensor in
Minkowski space and in the Poincare´ patch of de Sitter
space. This result is analogous to the following result
for the non-interacting electromagnetic field: the gauge-
invariant photon two-point function is equivalent to the
two-point function of the field-strength tensor in topo-
logically trivial, or contractible, spacetime.
Recently the Weyl-tensor two-point function in the
Poincare´ patch of de Sitter space has been computed
by Mora and Woodard [36]. Their result agrees with
that computed in the covariant gauge by Kouris [37]
(with corrections to be published) [38]. This two-point
function between points (η,x) and (η′,x′) decays like
H2‖x − x′‖−4 as ‖x − x′‖ tends to infinity. Since this
two-point function is equivalent to the gauge-invariant
graviton two-point function as we have shown in this pa-
per, the latter decays in the same way for large ‖x−x′‖.
It will be interesting to investigate whether our result is
compatible with the claim that the logarithmic growth of
the graviton two-point function leads to physical conse-
quences such as instability of de Sitter space. (For recent
works on this subject, see, e.g., Refs. [39–41]).
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APPENDIX: GAUGE FIXING IN LINEARIZED
EUCLIDEAN GRAVITY
In this Appendix we prove that the gauge conditions
xaγab = 0 can be imposed as well as the transverse-
traceless conditions on the solutions to linearized Eu-
clidean Einstein equations in the vacuum.
First we impose the de Donder gauge condition (which
can be achieved by solving a Poisson equation). The ten-
sor γab = γab − 12δabγ satisfies γab = 0. Hence γ = 0.
There are no monopole solutions γab = Kabψ(r), where
Kab is a constant tensor, to γab = 0 satisfying the
de Donder condition. This implies that γab decays at
least as fast as r−(D−1) for large r.
Define
Ba := r
2∂aγ − 2xaxb∂bγ − (D − 2)xaγ. (48)
This vector decays at least as fast as r−(D−2) for large
r. Then we find Ba = 0 and ∂aB
a = −2DD/2DD−2γ.
Hence, if we let
Aa := −GD−3G(D−2)/2Ba, (49)
which is well defined, then γ
(g)
ab :=
1
4 (∂aAb + ∂bAa) satis-
fies the de Donder condition and the equation γ(g)aa = γ.
Thus, the trace can be gauged away. That is, γab can now
be assumed to be transverse and traceless. Then, if we
define
γ˜ab := γab − ∂a∂b(xcxdG1G2γcd), (50)
then xaxbγ˜ab = 0 and γ˜ab is transverse and traceless.
Finally we define
γˇab := γ˜ab + [∂a(x
cG0γ˜bc) + ∂b(xcG0γ˜ac)] . (51)
Then we find xbγˇab = 0, ∂
bγˇab = 0 and δ
abγˇab = 0.
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